ACOUSTIC WAVE EQUATION

Introduction

As we try to visualize the earth seismically we make certain physical simplifications that make it easier to make and explain our observations.  Liner (2004, p.33) considers three types of simplified descriptions for the earth materials: fluid, porous and solid.  

Fluids, e.g. gases and liquids characteristically can deform only by compression and decompression.  Only acoustic, or sound, or P-wave or compressional body waves are the natural wave vibrations that can propagate through fluid earth materials.  

In a fluid, seismic data can be collected by hydrophones [Q]in the form of pressure measurements.  The pressure field is a scalar field, which is simpler to deal with mathematically, than a tensor field.

From the following mathematical derivations we can reach several accurate concepts to help us visualize particle strain during acoustic wave transmission in a fluid. 

· First, within a fluid, and at a given point, particle motion increases as the pressure gradient increases.

· Second, the larger the particle density the slower the particle acceleration. Note that an unweathered piece of granite is denser than a piece of slate from a blackboard and so based ON ONLY the property of its density particle acceleration will be smaller in granite than in slate. [Q]
· Third, (not shown mathematically below, YET.. work in progress) the more incompressible the fluid the faster the particle motion.  A fast particle motion is related with a fast transmission of mechanical vibration through the fluid.  If we use the ball and spring model this implies that as we substitute stiffer and stiffer springs in the picture particle motion is faster and the vibration or wave is able to cross between balls at a faster rate (“speed of sound”).

Mathematical Derivation

We saw in the section on tensors that
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For example in a fluid: 
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where
[image: image9.wmf]P

is pressure and where compression is by convention negative.



Expression (2) can also be expressed as
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Note that we can view the Kroneker delata as a second order tensor where there are NO off-main-diagonal components because there is no shear, i.e. 
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So now combining (1) and (2) we have




[image: image12.wmf]dA

Pn

dA

n

P

F

i

j

ij

i

-

=

-

=

d

 

that is, in vectorial notation, 
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If there is no gradient in the pressure there is no net force acting on it.  For example a neutrally buoyant sphere will neither rise nor fall  immersed in a fluid. 
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On the bulk modulus and Lamé’s parameters

Previously, in dealing with the elastic wave equation we saw that Hooke’s law for the case of an isotropic, heterogeneous medium took on the form
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and the scalar expressions that related the strain field to the gradient of the displacement field or the dilatation were
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For a hyrdrostatic pressure field where 
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we can rephrase Hooke’s Law. substituting (2) to obtain :
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(3)

We contract the indices, making 
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in order to consider only the non-zero contributions to the sum:
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  (Note that 
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By replacing terms with other equivalent expressions, noted immediately above,
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In this form, we can show that the bulk modulus (
[image: image25.wmf]V

V

P

D

D

-

=

k

) can be expressed in terms of Lamé’s parameters: 
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In the acoustic case, we have that 
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, so that equation (3) can  be re-expressed as 
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(4)

from which we see that the divergence field is proportional to the pressure.

Particle acceleration and its relation to density the pressure field and wave velocity
We can predict the different parameters in the equation of motion:
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  (non-zero components only exist for j=i)


In vectorial notation we can also express this as
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(5)

In this form the equation of motion tells us that the particle acceleration in a body increases with larger gradients in the pressure field but decreases as the material becomes denser and requires more energy to move.  

We can also estimate how pressure changes in space can affect the particle acceleration, by taking the divergence of the above expression.
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