Petroleum Seismology, spring 2010
Homework #1

Purpose: Review Vector Algebra
Q. 1 For three given vectors, a,b,c, show that the following identities hold true

a-b=b-a
axb=-bxa 1)
ax(bxc)=(a-c)b-(a-b)c
a-(bxc)=b-(cxa)=c-(axbh)
Vx(Vxa)=V(V-a)-V’a

where V2=V.V

Let us check for the 3-d case:

Assume:

a=a,X +a,X, + ;X
b=Dbx +b,x, +b,X,

62012+C2X—2+03X—3

1) a-b=Db-a

Proof:

asb =ab +a,b, +a,b,
bea=ba, +b,a, +h,a,

—_

= ash =Db-a
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) axb=-bxa

Proof:
axb
X X X
=& & 84
b, b, b

= z(azbs —a50,) - X—z(a1b3 —as0 ) + X—s(a'lbz —a,0)

bxa

X X X
=b, b, b,
q da, 4

= x,(b,a, —b,a,) — X, (b,a, —b.a,) + x,(b,a, —h,a,)
= _E(azbs —a;h,) + X—z(a1b3 —a5h ) - X—s(aibz —a,0,)

—_

— axb=-bxa
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3y ax(bxc)=(a-c)b-(a-b)c

X X X
— b1 bz b3
¢ G G

— z(bzcs - b3cz) - X—z(b1C3 o b3Cl) T X—3(b102 N b2C1)

ax(bxc)
Xl X2 X3
= & a, d,
b,c,—b,c, b,c,—bc, bc,-b.c,

= ;1(3-2 (b1C2 - bZCl) — & (b3C1 B b1C3))
- X—z(ai (blcz - b2C1) — &, (b2C3 B b3C2 )
T X—3(a1 (0,¢, —0C;) — @, (0,C; —byC,))

(asC)b— (ash)c
— (a1C1 +a,C, + a303)(b1;1 + bzx—z + bsx—s)

o (a1b1 + azbz + a3b3)(C1 X1 + Cz Xz + C3 X3)
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= X, (B,(a,C, +8,C, +2,6,) — ¢, (ab, +a,b, +aih,))
+x,(b,(a,c, +a,c, +a,c,) —C,(ab, +a,b, +ash,))
+%,(by(a,c, +a,Cc, +a,c,) —C,(ab, +ab, +ajh,))
= x, (b, (a,c, +a,¢,) — ¢, (a,b, +ab,))
+% (b, (8¢, +a,¢;) — ¢, (ab; + ;b))
+ %, (b, (a,c, +a,c,) —c,(ab, +a,b,))
= x,(a, (b, —h,c,) -, (bic, —bc,))
% (a,(bc, ~b,c;) —a(byc, —bic,))
+x,(a, (b,c, —b,c,) —a,(b,c, —b.c,))

= ax(bxCc) = (asc)xb—(asb)xc
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a-(bxc)=b-(cxa)=c-(axh)

g)roof:

bxc

=b, b, Db,
G G G

= ;i(bzc3 — b3C2) - X—z(blcg - b3C1) + E(QCZ o bZCl)

50(5 X 6)

= (a,x, +a,X, +a,X)+(x (b,c, —h,c,)—x, (bc, —b,c)+x (b,

=a,(b,c; - bscz) —a,(bc, —b,c ) +a5(bc, —b,c)

cxa
Xl X2 X3
=lc, C, ¢,
al a2 a3

g( C,a; —C3a,) — X (C a; — 331)"')(—3((:132 —C,a,)

BO(EX 5)
=D, (c,a, —¢,a,) —b,(c,a, —¢,a) +by(ca, —¢,a,)
= ai(bzcs - bscz) —a, (b1C3 - b3C1) +a, (b1C2 - bZCl)

— a«(bxc) =be(cxa)
The same calculation will apply to the third one, I will not show it here

b,c,))
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5) Vx(Vxa)=V(V-a)-V’a

Proof:
Vxa
Xl XZ X3
|0 0 0
oX, OX, OX,
aq & &
oa, 0a,, —,0a, O —, 0a, 0
(2 -T2y (SRS e (S oh
OX, OX, X,  OX, 0%, OX,
Vx(Vxa)
3 %, 3
| 2 o 9
0X, OX, OX,
da, oa, 0Oa 0da, 0da, 0a,
OX, OX, OX, OX  OX  OX,
9 9 9 9 9 o
—|  0ox, 0X, —| X OX, —| 0X OX,
=X — X, + X,
da, oa, 0da, 0a, da, 0da, 0a, 0a da, OJa, OJa 0a,
OX, OX  OX  OX, oX, OX, OX  OX, oX, OX, OX; OX

[ &%, . 0’a, 0%a 0°a o 0’ . 0’a, 0'a, 0'a
OXOX, XX, 0% A2 ) Pl OXOX, OX,0% OX® X
x—?,[ o’a, .\ 0’a, _62a3_82a3j
OX,OX, OX,0%, OX° OX,”
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v(v.g):v(

—_

=X

1

|

—_

+ X

3

aa1 aa2 8a3
+ +
OX OX OX

1 2 3

o'a, 0'a, 0a ~
+ + + X,
OXOX ~ OXOX,  OX’
0'a, o'a, 0a,
+ +
OXOX, OXOX ~ OX.

0'a, 0Ja ~
L — |+ X,
8x2 ax3

:V(V-E)—Vza

—_

=X

1

|

—_

+ X

3

o'a
2

0'a
1

o'a
3

o'a
2

o'a
2

8xl ax2

—_

+

o -
+ (ax+ax+ax)
2 2 1 1 2 2 3 3

o'a
2

8x28x3

—_

0'a
2

ox’
1

8x18x2

+

+

ox °
2

d'a, 0a 04 -
- - +X
OXOX, OX &  OX

o'a
3

0'a,
8x18x3

o'a 0'a
2 . 3 .

OX OX — OX

+

:Vx(an)

ox

2

J

_|_
OX

o'a
1

3

2

+

)

ox °
2

o'a
3

J

2

0 a

6x18x2

+

8X28X3
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Q 2 Express, in matrix form, the rotation of vector b by 90° clockwise. Do include a diagram to

illustrate the rotation.

Solution:

For a general case, let us assume we rotate the vector by & clockwise, here is the diagram

We have
a, =|V|cosa
a, =|V|sina

a, =|V|cos(a +6)
=|V|(cosa cos @ —sinasin )
=a,c0s6—a,sind

a, =|V|sin(a +0)
=|V|(sinarcos @ +cosasin 9)
=4a,sind+a, cosd

_ a | (cos@® -—sind)la
a,) \sin@ cosé |a,
For9=90°,sin@=1,cos0 =0

a, =a,cosf—a,sind =-a,
a, =a,sinf+a,cosd =a,

Please see the right for the diagram.
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