
 

Petroleum Seismology, spring 2010 
Homework #1 

 
 
Purpose: Review Vector Algebra 
 
Q. 1 For three given vectors, a,b,c, show that the following identities hold true 
 
  ⋅ ⋅a b = b a
  (1) × ×a b = - b a
 ( ) ( )(× × ⋅ ⋅a b c) = a c b - a b c  

 ( ) ( ) ( )⋅ × ⋅ × ⋅ ×a b c = b c a = c a b  
 ( ) ( ) 2∇× ∇× = ∇ ∇ ⋅ −∇a a a

ssume: J

roof: 

 

where  
2∇ = ∇ ⋅∇

 
Let us check for the 3-d case: 
A

 

1 1 2 2 3 3

1 1 2 2 3 3

1 1 2 2 3 3

a a x a x a x

b b x b x b x

c c x c x c x

= + +

= + +

= + +

K JK JJK JK

K JK JJK JJK

K JK JJK JJK

 

1)  ⋅ ⋅a b = b a
 
P

1 1 2 2 3 3

1 1 2 2 3 3

a b a b a b a b

b a b a b a b a

a b b a

= + +

= + +

⇒ =

K K
i
K K
i
K K K K
i i
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2)  × ×a b = - b a
 
Proof: 

1 2 3

1 2 3

1 2 3

1 2 3 3 2 2 1 3 3 1 3 1 2 2 1

1 2 3

1 2 3

1 2 3

1 2 3 3 2 2 1 3 3 1 3 1 2 2 1

1 2 3 3 2 2 1 3 3 1

( ) ( ) (

( ) ( ) (

( ) ( )

a b

x x x
a a a
b b b

x a b a b x a b a b x a b a b

b a

x x x
b b b
a a a

x b a b a x b a b a x b a b a

x a b a b x a b a b x

×

=

= − − − + −

×

=

= − − − + −

= − − + − −

K K

JK JJK JJK

JK JJK JJK

K K

JK JJK JJK

JK JJK JJK

JK JJK
3 1 2 2 1( )a b a b

a b b a

−

⇒ × = − ×

JJK

K K K K

)

)
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3) ( ) ( )(× × ⋅ ⋅a b c) = a c b - a b c
roof: 

 
P

1 2 3

1 2 3

1 2 3

1 2 3 3 2 2 1 3 3 1 3 1 2 2 1

1 2 3

1 2 3

2 3 3 2 3 1 1 3 1 2 2 1

1 2 1 2 2 1 3 3 1 1 3

2 1 1 2 2 1 3 2

( ) ( ) (

( )

( ( ) ( ))

( ( ) (

b c

x x x
b b b
c c c

x b c b c x b c b c x b c b c

a b c

x x x
a a a

b c b c b c b c b c b c

x a b c b c a b c b c

x a b c b c a b

×

=

= − − − + −

× ×

=
− − −

= − − −

− − −

K K

JK JJK JJK

JK JJK JJK

K K K

JK JJK JJK

JK

JJK
3 3 2

3 1 3 1 1 3 2 2 3 3 2

1 1 2 2 3 3 1 1 2 2 3 3

1 1 2 2 3 3 1 1 2 2 3 3

))

( ( ) ( ))

( ) ( )

( )( )

( )( )

c b c

x a b c b c a b c b c

a c b a b c

a c a c a c b x b x b x

a b a b a b c x c x c x

−

+ − − −

−

= + + + +

− + + + +

JJK

K K K K K K
i i

JK JJK JJK

JK JJK JJK

)
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1 1 1 1 2 2 3 3 1 1 1 2 2 3 3

2 2 1 1 2 2 3 3 2 1 1 2 2 3 3

3 3 1 1 2 2 3 3 3 1 1 2 2 3 3

1 1 2 2 3 3 1 2 2 3 3

2 2 1 1 3 3 2 1 1 3

( ( ) ( ))

( ( ) ( ))

( ( ) ( ))

( ( ) ( ))

( ( ) (

x b a c a c a c c a b a b a b

x b a c a c a c c a b a b a b

x b a c a c a c c a b a b a b

x b a c a c c a b a b

x b a c a c c a b a b

= + + − + +

+ + + − + +

+ + + − + +

= + − +

+ + − +

JK

JJK

JJK

JK

JJK
3

3 3 1 1 2 2 3 1 1 2 2

1 2 1 2 2 1 3 3 1 1 3

2 1 1 2 2 1 3 2 3 3 2

3 1 3 1 1 3 2 2 3 3 2

))

( ( ) ( ))

( ( ) ( ))

( ( ) ( ))

( ( ) ( ))

( ) ( ) ( )

x b a c a c c a b a b

x a b c b c a b c b c

x a b c b c a b c b c

x a b c b c a b c b c

a b c a c b a b c

+ + − +

= − − −

− − − −

+ − − −

⇒ × × = × − ×

JJK

JK

JJK

JJK

K K K K K K K K K
i i
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4)      ( ) ( ) (⋅ × ⋅ × ⋅ ×a b c = b c a = c a b)
roof: P

1 1 2 2 3 3 1 2 3 3 2 2 1 3 3 1 3 1 2 2 1

1 2 3

1 2 3

1 2 3

1 2 3 3 2 2 1 3 3 1 3 1 2 2 1

1 2 3 3 2 2 1 3 3 1 3 1

( ) ( ( ) ( ) (

( ) ( ) ( )

( )

( ) ( ) (
a x a x a x x b c b c x b c b c x b c b c

b c

x x x
b b b
c c c

x b c b c x b c b c x b c b c

a b c

a b c b c a b c b c a b c
+ + − − − + −

×

=

= − − − + −

×

=
= − − − +

i

K K

JK JJK JJK

JK JJK JJK

K K K
i
JK JK JK JK JK JK

))

2 2 1

1 2 3

1 2 3

1 2 3

1 2 3 3 2 2 1 3 3 1 3 1 2 2 1

1 2 3 3 2 2 1 3 3 1 3 1 2 2 1

1 2 3 3 2 2 1 3 3 1 3 1 2 2 1

)

( ) ( ) ( )

( )
( ) ( ) ( )
( ) ( ) ( )

( ) (

b c

c a

x x x
c c c
a a a

x c a c a x c a c a x c a c a

b c a
b c a c a b c a c a b c a c a
a b c b c a b c b c a b c b c

a b c b c

−

×

=

= − − − + −

×
= − − − + −

= − − − + −

⇒ × =

K K

JK JJK JJK

JK JJK JJK

K K K
i

K K K K
i i )a×

K K

 

The same calculation will apply to the third one, I will not show it here 
 

Page 5 of 8 



 

5) ( ) ( ) 2∇× ∇× = ∇ ∇ ⋅ −∇a a a  

Proof: 

1 2 3

1 2 3

3 32 1 2 1

2 3 3 1 1 2

2 3
1

31 2

3 1

1 2 3

1 2 3

1 2 3

3 32 1 2 1
1 2 3

2 3 1 3 1 2

x x x

x x x

a aa a a a
x x x x x x

x x
x

aa a
x x

a

x x x

x x x
a a a

a aa a a ax ( ) x ( ) x ( )
x x x x x x

( a )

∂ ∂ ∂
=

∂ ∂ ∂

∂ ∂∂ ∂ ∂ ∂
− − −

∂ ∂ ∂ ∂ ∂ ∂

∂ ∂

∂ ∂
=

∂∂ ∂
−

∂ ∂

∇×

∂ ∂ ∂
=
∂ ∂ ∂

∂ ∂∂ ∂ ∂ ∂
= − − − + −

∂ ∂ ∂ ∂ ∂ ∂

∇× ∇×

K

JK JJK JJK

JK JJK JJK

K

JK JK JK

JK
1 3 1 2

2 3
3 33 21 2 2 1

2 3 31 2 2 3 1 2

2 22 2 2 2 2 2
3 32 1 1 1 2

1 22 2 2 2
1 2 1 3 2 3 1 2 2 3 1 3

2
1

3

x x x x
x x

a aa a aa a a a 1

1

2

x x x xx x x x x x

a aa a a a a ax x
x x x x x x x x x x x x

ax

∂ ∂ ∂ ∂

∂ ∂ ∂ ∂
− +

∂ ∂∂ ∂ ∂∂ ∂ ∂ ∂
− −− − −

∂ ∂ ∂ ∂∂ ∂ ∂ ∂ ∂ ∂

⎛ ⎞ ⎛∂ ∂∂ ∂ ∂ ∂ ∂ ∂
= + − − + + − −⎜ ⎟ ⎜∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂⎝ ⎠ ⎝

∂
+

∂

JK JK

JK JJK

JJK

⎞
⎟
⎠

2 22
3 32
2 2

1 3 2 3 1 2

a aa
x x x x x x

⎛ ⎞∂ ∂∂
+ − −⎜ ⎟∂ ∂ ∂ ∂ ∂⎝ ⎠
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( ) 31 2

1 2 3

2 22 2 2 2

3 32 1 1 2

1 22 2

1 2 1 3 1 1 2 2 3 2

22 2

31 2

3 2

1 3 2 3 3

2 2 2

2

1 1 2 2 3 32 2 2

1 2 3

a
aa a

x x x

a

a aa a a a
x x

x x x x x x x x x x

aa a
x

x x x x x

a x a x a x
x x x

∇ ∇ ⋅
∂∂ ∂

= ∇
∂ ∂ ∂

∇

+ +

∂ ∂∂ ∂ ∂ ∂
= + + + + +

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

∂∂ ∂
+ + +

∂ ∂ ∂ ∂ ∂

∂ ∂ ∂
= + + + +

∂ ∂ ∂

⎛ ⎞
⎜ ⎟
⎝ ⎠

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

⎛ ⎞
⎜ ⎟
⎝ ⎠

⎛ ⎞
⎜ ⎟
⎝ ⎠

K

K K

K

K K K
( )

( )

2 2 2 2 2 2

1 1 1 2 2 2

1 22 2 2 2 2 2

1 2 3 1 2 3

2 2 2

3 3 3

3 2 2 2

1 2 3

2 22 2 2 2 2

3 32 1 1 1 2

1 22 2

1 2 1 3 2 3 1 2 2 3

2

a a a a a a
x x

x x x x x x

a a a
x

x x x

a

a aa a a a a
x x

x x x x x x x x x x

a

∂ ∂ ∂ ∂ ∂ ∂
= + + + + +

∂ ∂ ∂ ∂ ∂ ∂

∂ ∂ ∂
+ + +

∂ ∂ ∂

∇ ∇ ⋅

∂ ∂∂ ∂ ∂ ∂ ∂
+ − − + + −

∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂
=

⇒ −∇

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

⎛ ⎞
⎜ ⎟
⎝ ⎠

⎛ ⎞
⎜ ⎟
⎝ ⎠

K

K K

K

K K

K K

( )

2

2

2 2

1 3

2 22 2

3 31 2

3 2 2

1 3 2 3 1 2

a

x x

a aa a
x

x x x x x x

a

∂
−
∂

∂ ∂∂ ∂
+ + − −

∂ ∂ ∂ ∂ ∂ ∂

= ∇× ∇×

⎛ ⎞
⎜ ⎟
⎝ ⎠

⎛ ⎞
⎜ ⎟
⎝ ⎠

K

K
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Q 2 Express, in matrix form, the rotation of vector b by 900 clockwise.  Do include a diagram to 
illustrate the rotation. 
 
Solution: 
For a general case, let us assume we rotate the vector by θ  clockwise, here is the diagram 
 
 
 
 
 
 
 
 
 
We have 

( )
( )

( )
( )

1

2

'
1

1 2
'
2

1 2

'
11

'
22

'
1 1 2 2
'
2 1

cos

sin

cos

cos cos sin sin
cos sin

sin

sin cos cos sin
sin cos

cos sin
sin cos

90 ,sin 1,cos 0
cos sin

a

a

a

a a

a

a a

aa
aa

For
a a a a

a a

v
v
v
v

v
v

α

α

α θ

α θ α
θ θ

α θ

θ

α θ α
θ θ

θ θ
θ θ

θ θ θ

θ θ

=

=

= +

= −

= −

= +

= +

= +

−⎛ ⎞ ⎛ ⎞⎛ ⎞
⇒ =⎜ ⎟ ⎜ ⎟⎜ ⎟

⎝ ⎠⎝ ⎠⎝ ⎠
= =

= − = −

=

D

2 1sin cosa aθ θ+ =

θ

=

 

 
Please see the right for the diagram. 
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