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Field: Is a physical quantifiable property that can be defined over some n-dimensional
space

Symmetry: (paraphrase: Hermann Weyl: a thing is symmetrical when after undergoing
mathematical operations it looks the same as when we started, e.g. rotation of a plain
undecorated vase by 180 degrees)




FIELDS

We talk of the electromagnetic field as a description of electrical and magnetic properties
within a given space. We talk of the gravitational field to describe gravity values and the
direction of this force throughout a given body in space and time. When we say the elastic
wave field we describe the elastic behavior of earth materials to the passing of a wave by
how fast they oscillate (Hz) and how much they move (amplitude in m).

Each different field of physical properties has a different complexity that can described
with increasingly complex, and more general, mathematics. If a property varies as a function
ONLY of its position in space, i.e.

= f(x1, x2,x3),
then the property and field is known as scalar.
Examples of different types of fields:

SCALAR FIELDS: Density field, temperature field, salinity field, Poisson’s ratio field,
shear modulus field, Young’s modulus field

VECTOR FIELDS: Velocity field, Heat flow field, diffusivity of sediment field, gravity
tield, displacement,

TENSOR FIELDS: Stress, strain, thermal conductivity

SYMMETRY (FEYNMAN LECTURES, CH. 11)

Although it may seem obvious, certain physical laws do not change even if we modify
our co-ordinate systems. That is, if we have our origin in one place and observe a wave field
but then we choose to describe the wave field from a different origin or a different fixed
frame of reference the observation will be the same. This wave field is symmetric.

VECTORS

Vectors are quantities that have a directional property as well as a value in space. With a
vector we know HOW MUCH it is worth and whether this quantity acts in a certain
direction. A vector is described using three numbers.
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Basis or unitary vectors in a cartesian co-ordinate system are mutually orthogonal
(orthonormal) to each other, are of unit length and obey the right-hand rule. We can
describe these vectors in several ways:

V= % + 2%, + 85X
or
V =a5X,

(If indices are repeated by convention we sum over them)

Invariance of Vectors under Linear Transformation

A vector property is also a property that is symmetric. That is, it does not matter
whether these three numbers are different as measured with respect to different origins or
frames of reference. These different numbers will still describe the same physical behavior,
of say, the wave field.

Example 1: For example, if a vector is describing the velocity of a wave field at the
earth’s surface in a direction that is not perpendicular to the earth’s surface we may choose
to more conveniently rotate the co-ordinate reference frame in line with the particle motion.
This happens in cases when studying anisotropy where we sometimes try out different
rotations of the reference system until we maximize the wave energy coming from a



particular direction. Example 2: In hydraulic fracturing, one manner for determining the
direction of the originating microseism is to rotate the coordinate system until the direction
in which particle motion of a particular wave mode is maximized, also known as the
‘hodogram method’ (In (Maxwell et al., 2010).

Counter-clockwise rotation of a Cartesian Coordinate System (Left-handed system)

a,

a', _{ cos® sind

. or, more briefly expressed as
—sin@ cosé || a,

V'=TV, ->Proof of Invariance using Indicial Notation
where V'is the vector after the transformation expressed in components in terms of the
rotated co-ordinate basis vectors and V is the vector before the transformation expressed in

terms of components of the unaffected basis vector system.

Before the co-ordinate rotation the co-ordinates for V are:
a = |\7|cosa, and a, = |\7|sina
After the co-ordinate rotation the co-ordinates for V' are:

a = |\7|C05(a _0) ,and &, = |\7|Sin(05 —19)- Expanding these two
trigonometric functions using basic identities we artive at:



a

\7| =C0Sa cos@+sinasiné

_ &

V|

a .
cos 8 +—2sin @

M
and

a ) .
—2 =sina cos@—cosasin @
V|
a )
——Zcose—isme

MM

a', cosd sind || a
When the |~ |= .
a’, —-sin@ cosd || a,
A common mistake in applying these rotational transformations, is to lose sight of
whether we are rotating the vector itself with respect to a fixed co-ordinate system or the

other way around. In the above case the counter-clockwise rotation of the co-ordinate
system produces a negative sign in front of the lower-left component.

Be careful to distinguish rotation of a vector about a fixed co-ordinate system and
rotation of the co-ordinate system, about the fixed vector. Also be careful to note whether
you are dealing with either a right-handed or a left-handed system because the signs of
several of the components will change. Also note that a counter-clockwise sense is
determined with respect to the basis vector while looking in the direction of its tail toward its
head

Here is a 3-D example of a three-dimensional rotation, for rotation of the X and Y axes
about the Z axis (fixed) in a counter-clockwise direction (for a left-handed system):

cos@d singd 0
—-sin@ cos@d O
0 0 1

We can generalize the rotation into three dimensions. Any arbitrary rotation of an old
Cartesian coordinate system into a new one can be accomplished with 3 angles, known as
the Euler angles (Box 2.4 in Ilke and Amundsen, p.28)

In all cases, the length of the vector remains unchanged, although it has new co-ordinate
values



An important use in earthquake seismological for the rotation of a coordinate system,
involves restoring the inclined measurements in an STS-2 seismometer, This seismometer
has 3 orthonormal sensors, arranged in a corner-cube geometry whose edges lie at 35.3
degrees from the horizontal (Wielandt, 2009) (from Figure 5.13), or 54.7 degrees from the

vertical.
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(Fig 5.13, Wielandt, 2009)

Some Advanced Properties of Vectors and Scalars

Vector multiplication

Vectorial multiplication is of two types and can either produce a scalar or a vector on
output. There are different names you will see for each such as:

Scalar product, dot product, -, inner product, divergence: V @

Vector product, cross-product, X _gpf- Vx|




Scalar Vector Product

There are different symbols used to denote each of these operations. Given two

identical vectors U; and U, their scalar product is indicated as V -W . We can also write this

with different notation, such as <V,W > ,or V.-W

We will try to represent vectors in matrix notation from here on, i.e.:

cH b,
V=|a |and W =|b, |,
a, b,

so that the result of the scalar product is represented as the sum of the products of the
coefficients of the basis vectors, i.e.

V-W =(ab +a,b, +ab,).

Notice that the end result is not a vector but rather, a single value. We can also show
that this resultant value can be evaluated if we know the length of each vector [\/ | , |VV| and

the angle between those two vectors, @, so that the value of the dot product can be
calculated in a new way:

VW =|V|W |cos®

i=3
VW, = Z:ViWi (Indicial Notation) ->Kronecker Delta

i=1

A scalar product between the ‘del operator’, or gradient operator, (represented by the
Greek capital ‘nabla’ V') and a scalar field is also known as the gradient or ‘grad’.

Example 1: A digital elevation model topographic data set consists of a scalar field—
elevation values (z) at each point (x,y). The direction of the maximum slope at each point is
the gradient and the value of the slope is the length of the vector.

oz(X,y) ~  0z(X,y) ~
Vz(xy)= (gxy)x+ (y)y

For example:

z=sin(x)+cos(y)
Vz =cos(x)Xx—sin(y)y’



Q. What is the scalar product of any two different basis vectors
Al

Why?: By definition, basis vectors in a Cartesian system have a unit length and are
orthogonal, so that the angle between them is 90° (cos 90 °= 1) and the product is 1.

Q. What is the scalar product of any two identical basis vectors?

A. 0

Derive the answer:

In Matlab the cross and dot products of two vectors are calculated as shown:
a=[123];
b=[450];

¢ = cross(a,b)

c=-3 6 -3
d = dot(a,b)
d=32

d = a*b’
d=32
Determinants

A matrix is a display of numbers (Boas, p. 87). Only a square matrix can have a
determinant. Vector cross product is estimated with the use of determinants. The
determinant of a matrix can be evaluated by expanding it into minors with the appropriate
accompanying sign (cofactor):




For example,

% X%
det(Y)=det| a, a, a,
Wl W2 WS

Xl X2 X3

=l %

Wl W2 W3
- |a - N a
I P LR P L
W2 W3 Wl W3 Wl W2

On the R.H.S., each coefficient next to basis is known as a ‘minot’ determinant of the
principal determinant. The sign of each of the terms on the R.H.S. are called co-factors,
which are determined using the following mnemonic:

Cofactor of row i and column j (C)) is the sign before the minor

C;= —1"IM j » where
+ -+
M;=|- + -
+ -+

The value of the determinant is the same whether you carry out the procedure above
along one row or carry out the analogous procedure along one column. The procedure is
called “Laplace’s development of a determinant”. There are many useful facts about
determinants and matrices that can be used to simplify the arrays of numbers and eventually
determine the solution of sets of simultaneous equations, but for now these useful facts are
beyond the scope of this class.

In the case of an nth order determinant we can use Laplace’s procedure until we arrive at
2™ order determinants (as above).

Depending on your prior training, determinants can be calculated using different
algorithms, that is by rows (above), columns or diagonals (Sarrus’ Rule or Sarrus’ Scheme)

Try to calculate this determinant by hand, and in Matlab or Mathematica or Excel:




=>
11 4

0 1
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Vector Product/ Cross-Product

The other way of multiplying vectors, called a vector product, is written as follows:

X1 X2 X3
VxW=la a, a
Wl W2 WS

And is expanded by determinants (see above)

In indicial notation, a cross product between two vectors is written as:

Vi = (g'ijijWk ->Permutation Tensor

In Matlab™ the cross products of two vectors are calculated as shown:
a=1123];

b=[450];

¢ = cross(a,b)

c=3 6 -3

Properties of Vector Products

Ax(BxC)=(A-C)B-(A-B)C

Einstein summation notation] Einstein Notation/ Indicial Notation

A good set of notes on Indicial Notation comes from Michael Raulli (pdf file on Google:
Raulli Tensors).

Indicial notation (Einstein, 1916) expresses conveniently complicated tensors. When
using this convention, a repeated index implies addition. For example, the dot product of
two vectors:




ViWi = iiS:ViWi

i-1
=aW, +a,W, +a;W,

In this type of notation, a comma signifies derivation with respect to the following index
value. The summation convention always continues to apply. So, for the following case:

ui‘j:%, 1,]=1,2.3
OX;

ou, ou, ady,

oo, 0

_|éu, ou, oau,

- OX,  OX, OX

ou; oOu, Ou,

oX, OX, OX,

A tensor matrix and vector product, for example, would be written as follows in indicial
notation:

[
DM
=
=

i=1
= WU, + WU, + WU,

After, by convention, we sum on the repeated indices, we can estimate all the possible
combinations of j=1,2,3.

Now,
Uy W, = Uy Wy + Upp W, + Upg Wy, 1= 1
Uy W, = Uy Wy + Uy W, + UpgWy, 1= 2
UgiW; = Ugy Wy + UpyW, + UggWa, 1= 3

We can relate this notation by comparing the same estimation involving matrix notation:



c
=
=

c

c

12 13 Wl

UW,=| Uy, U, Uy |l W, of,equivalently,

e
=]

c

c

31 33 W3

c

ull u12 13 Wll

UW. =| Uy, U, Uy |l W, |,which isthe same as:

e
®

e

c

31 33 WSl

iWin = Wi Uy,

L.e., there is only one column.

For the more general case, the number of rows of the first matrix may be different to the
number of rows in the second matrix.

Proof of Invariance of Rotation Transformation Using Indicial Notation

Q. Show that the dot product is invariant under a rotation transformation. Show that
the following is equal:

V'W'=V-W ,or
VW.=VW. (in indicial notation)

Where the vectors in the new coordinate system, after the rotation are denoted using
primes, and the vectors in the old coordinate system are plain.

Start by noting from a previous section (-> ) that a rotation transformation is written as
follows:

V'=TV
and V/'=T,V, (in indicial notation), where
cos@ sing .
Tij = . ,)=1,2
—sin@d coséd

Also note the correspondence between actual trigonometric values and the general
indices, for later reference to this proof:

T-- — (Tll T12 j
! T21 TZZ




Then, if we use the same rotation tensor (T,) ,

W/=T,W,
VW/=T,V,TW,
- (Tij )ZVjWi
Now, j=3
- (Tij )ZVJWJ'

[uN

j=

= (Til )2 V1W1 + (TiZ )2 V2W2 + (Ti3 )2 V3W3

The values for | also can be 1,2 or 3 as can the j values. On the LHS we must add over
the values of I as per the summation convention, thus limiting the number of terms on the
RHS to only 9 terms.

VW, = VI, +V W) +V W,
= (T ) VAW, + (T, ) VoW, + (T ) VW,
(T ) VAW, + (T, ) VLW, + (T3 ) VW,
+(Fz )2 VW, +(T )2 VW, +( T )2 VW,

Remember that, since the rotation is only two-dimensional, some of the terms do not
exist. We now have that,

T, T,*) (cos®® sind’
T, T,°) (sin@* cosd’

VW= cos? VW, +sin® VW, +
+sin* VW, +cos® V,W, +
=V\W, +V,W,
:ViWi

(QED)

Kronecker Delta in Indicial Notation

Kronecker delta is defined by




{1 i
5”': . .
0 i1#]

For example, in the case of the dot product (scalar product) which we saw previously, (*)
we noted that the indicial notation for:

i=3

Use of the Kronecker delta allows us to rewrite this also as:

VW, =VW, 3,

We no longer have repeated indices, so that we must find all possible combinations of i
and ], but also consider the qualification by the Kronecker delta that can null the value of

product. This may be seen more readily if we expand the above expression:

VW0 =
VW, +VW, +VW, +...
VW, +V,W, +V,W, +... é‘ij i,j=1,2,3
VW, +V,W, +V,W,

VW, =
VW, + VoW + VoW + .

VWL + VW, + VW5 +
E3H1+ i3”2+V3W3

Remember, that the magnitude of this vector that results from this dot-product

multiplication of two vectors is also:
VW3, =V -W|
|\7~VV| :|\7||VV|0036?

Permutation Tensor/ Levi-Civita Permutation Tensor and Indicial Notation

We are introducing here an advanced form of indicial notation, known as the
permutation tensor (or alternating tensor) which is a skew-symmetric tensor, that is that the

off-diagonal terms are equal and opposite, e.g.,



We define the permutation tensor as

&y =1 for ijk or jKi or Kij
c.g., 8123 = ‘9231 = 8312 =1
Also, Ey=-1 for Jik or iKj or kji
c.g, ‘9132 = ‘9213 = ‘9321 =-1
& =0 when any index is repeated
c.g, ‘9112 = 8121 = ‘9211 = ‘9221 etc. =0

Use the following diagrams as mnemonics for determining the sign of the permutation

tensor.
-1 / -1 +1 i +1
_1 A
J‘@S/, K i RHS &
] \Il/
When mixing different generic indices remember these equivalences:

Ey=E,=E; =1

=&y =63=-1

Ei=€;=Ei=0

Let’s show the use of the permutation tensor for abbreviating a cross-product between
two vectors (->).

Vi = gijijWk



X1 X2 X3
VxW=la a, a
Wl W2 W3

(VxW) = &V W,

The following identities for the permutation tensor can be very useful:

‘9ijk€ijk =6
gijkgm = 25k|
gijkgklm = 5j|5km - 5jm5kl

Let’s show the usefulness of the permutation tensor by way of an example that
demonstrates the following vectorial identity:

Ax(BxC)=(A-C)B-(A-B)C

Notice that (1) the final result will be a vector and that (2) ultimately, we want to obtain
the elements of the vector (k=1,2,3)

Ax(BxC) =(AX(BXC))k
Eu A ( BxC )k =& AELBC,
1,J,K,,l and m are called dummy vatiables which can by equal to 1, 2 or 3 at any time i.e.,
ij,k =1,2,3,and
k,,m=1273
We continue to follow the convention that we must sum over repeated indices.
At this point we can incorporate one of the identities from above, so that we now have
gijk Ajgklm BICm = (5i|5jm - 5j|5im ) Aj BICm
=6,0,,A;BC,, -9,6,ABC,
(I ) (n)



We can now expand each of these terms on the right to see if there are any terms that
can be excluded from the derivation.

There are too many terms to try to do this in a brute force way, so let’s first ask four big-
picture questions which cover all four possibilities.

Q1. In so doing, we should think in which cases the combination of indices will provide

either I=0 OR 11=0?
i.e., when will 1=07..... OR when will 11=07.....

For the case of the first term on the right,

1=07? when 11 |j¢m
=0 » when j = |i¢m

Q.2 Let us ask a second question before we get confused by the terms.
In which cases, will both terms on the right be equal, i.e.,

I=I17? when
i=l & j=m & j=I & i=m,

Le. I =1=]=m, when all the indices are simultaneously equal.

bl

For this case I-11=0 (1), whether they are individually equal to 0 ot not.

Q.3 Finally, for which case will I=0 AND 1=0 ?
I=11=0?  wheni=l | j=m AND j=I |izm
Q. 4 Now, the only cases that will be left, will be those where
I #0AND Il # 0, (both are non-zero)
| #07? when i=1 &j=m
=07 when j=I &i=m
I #00RII #0 (i.c., only one of ther two terms is non-zero)

Now thanks to this overview, we know that the only cases which will contribute are
those where either terms on the right are not equal to 0 or to each other.



So,whenis | #0 and i=1 & J=m we obtain the following expression:

i AnEnBC = (é]|5mm _5m|5|m)AnB|Cm
(&’ ABCy) = 6,6, ABC,, — T B ABIE,
(AmBICm): A.BC,
=AChB
=(A-C)B,

(h

(Recall from eatlier in these notes that the scalar product in indicial notation is
VW5, =N -W|
So,whenis Il #0 and j=| &I=m we obtain the following expression:

ngkA16klm BC, = (5m|5|m ~ 010 ) ABC,

= OO A B €, - 6,6, ABC,
_5||5mmA18|Cm

:(_5ll5mmA18)Cm

=-ABC,

-~(A-BC,

(1)
(QED)
General Matrix Multiplication

In general matrix multiplication, we multiply over the columns and add over the rows.
Different to dot and cross products of vectors we can multiply matrices of variable
dimensions. The only restriction is that the number of columns (j) in the first matrix is equal
to the number of rows (7) in the second matrix during the multiplication.

Using indicial notation, for two different matrices, A and B,

Cij = A1k Bkj >



Where, for matrix A, i is the number or rows and K the number of columns. For matrix
B, i is the number or rows and K the number of columns. For matrix C, i is the number or
rows and K the number of columns.

In order to be able to multiply matrices, the number of columns in the first matrix must
equal the number of rows in the second matrix (Hence £ is repeated). Note that i and j can

be different and that in the following example we are assuming a special case where they are
equal to 3.

According to indicial notation, since the K index is repeated then there must be a
summation between the multiplications of columns of the first matrix and rows of the
second. So, in a more expanded form we obtain:

3
Cij = Z Aik Bkj
k=1
Cij = AuBlj + AiZBZj + Awst

If we now consider every possible combination of I and j, where i1=1,2,3 and j=1,2,3 we
have 9 permutations (tensor rank=3 (=dimension), order =2)

Cy=AB,+A,B, +A;B;

C, = AiBy, + A,B,, + A3By,
Cis = A;Bi; + A,By + AyBy

Co=AB,+A,B, +A3By
Cp = AyBi, + AyBy, + AgBy
Cps = AyBis + AyBys + AyBy,
Ca = AyBy + AuB, + AyBy
Cs = AyBy, + A, By, + AyB;,
Ca = AuBis + ApByy + AgByg

These permutations can be placed into a matrix, consisting of 3 rows and 3 columns

C, C, Cy
Cij = CZl sz C23
Ca Ci; Gy

In Matlab™:
>>A=1[101;000]

A=1 0 1




0O 0 O

>>B=[203;133;122]

B=

2 0 3

1 3 3

1 2 2
>> A*B
ans=3 2 5

Q. Do this example above by hand
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